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AB S T R A CT  

Thin shell structures occupy a leadership position in engineering and in particular in civil, mechanical, 

architectural, aeronautical and marine engineering, some applications of shell structures in civil and architectural 

engineering come in the form of large-span roofs, liquid-retaining structures and water tanks, and containment 

shells of nuclear power plants.        

Many applications of hemispherical shells were focusing on the analysis and design depending on using 

homogeneity, but with the development of different engineering fields require using orthotropic conditions for 

solving structural problems. Hence it is intended to study the behavior of orthotropic hemispherical shells.  

Although there are many commercial programs ready for the analysis of Thin shell structural, but it is necessary 

to identify the origin and nature of loads and expectations of behavior. 

Due to errors that may occur during the construction of hemispherical shells, which result in axisymmetric 

imperfections at the base of the shell causing changing in the membrane stresses and bending  moments, 

therefore, this paper were focus on the influence of axisymmetric imperfection at the base of orthotropic 

hemispherical shells. Where mixed finite element method is utilized for the analysis of orthotropic hemispherical 

shells with constant thickness under axisymmetric loading and subjected to the imperfection at the base. The 

results obtained indicate  that the behavior of the shell with imperfection are different to the behavior of the 

perfect shells. Where the obtained results of the parametric study are presented in a form of tables and graphs for 

ease of use by engineers.   
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1. Introduction 

Thin shell structures occupy a leadership position in engineering and in particular in civil, mechanical, 

architectural, aeronautical and marine engineering, some applications of shell structures in civil and 

architectural engineering come in the form of large-span roofs, liquid-retaining structures and water 

tanks, and containment shells of nuclear power plants. Flugge evaluate stresses in imperfection 

spherical shell whereas considered the influence of an Axisymmetric imperfection on a spherical shell 

(r/t = 200) under uniform dead load. Using a membrane solution.  Flugge computed significant 

changes in the circumferential stress resultant N22 but virtually no variations in the meridional stress 

resultant N 11 with respect to membrane stresses in the perfect shell. To account for bending, the force 
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method was used and compatibility restored at the junctions between segments of the imperfection. As 

a result, the values of N22 were reduced but still showed large variations, with both N22 and the 

meridional bending moment M11 following the same banded pattern[1]. Luis A. Godoy and Fernando 

G. Flores[2] in partI  the studies are restricted to axisymmetric imperfections with a cosine variation 

along the meridian. Parametric studies are carried out to identify the main parameters controlling the 

response for internal pressure and gravity loads. The results show that the behavior of the shell is 

similar to the imperfect cylindrical shell with the same radius as in the spherical shell, this paper will 

focus on the influence of axisymmetric imperfection at the base of fixed  orthotropic hemispherical 

shells, which is considered as  a result due to errors that may occur during the construction of 

hemispherical shells. Where mixed finite element method is utilized for the analysis of orthotropic 

hemispherical shells with constant thickness under axisymmetric loading.\ 

 

 

2. Mixed Finite Element Method  

With the early development of the finite element method and its application to plane elasticity 

problem, plate and shell problems took the lead and attention of researches, where at the early stages a 

superposition of plane stress and plate bending triangular element were utilized. Afterwards specific 

elements were developed based on displacement, hybrid and mixed approaches (Barony,1977), The 

works of (Clough,1965), (Zeinkiewichz,1964), and so many others whose contributions are well noted 

in developing specific shell element and studying their accuracy and convergence as well as static, 

dynamic, stability, and optimization problems[3] and so that due to the new and fast development in 

communication and information technology in general as well as computer aided systems in the form 

of large numbers of software packages in structural analysis and design, the requirements of changing 

environment of the structural engineers office started to be a mast, which put new burden on older 

generation of engineers from one side and academic institutions from the other side, to adopt to such 

changes and be able to carry out the new responsibilities successfully. The following equation gives a 

change in the mixed functions of the planar developed for use in the analysis of shells was initially by 

Elias[4] and was done by Barony [5] 

  = ∫ (wu − wM − ws + ws + wu)rds + r|
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Figure (1)hemispherical shell divided to number of elements [5]. 
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Figure (2) . Element nodal displacement components[5] 

Mixed finite element formulation utilizing curved ring element with linearly varying and constant 

thickness has proved to be successful to obtain accurate results for shells of revolution with small 

number of element. [6,7,9 ,11] 

1. Theory and Calculation  

In this paper documented fortran program for the axisymmetric analysis of orthotropic 

hemispherical shell utilizing Mixed Finite Element Method is used. It is assumed that the fixed 

orthotropic hemispherical shells of radius a(10m), and uniform constant thickness (h =0.1m), for 

many orthotropic property ratios (Eø/Eө = 0.25, 0.5, 0.75, 1, 1.5, 2, 2.5), whereas Eø , Eө  radial 

and circumferential Young, Moduli, as well as value of imperfection  (0.1, 0.2, 0.3, 0.4m ), 

Poisson ratio( µ=0.25). The hemispherical shell was divided into a set of elements up to 29 

elements using a curved three-node element representing the quantities of stress resultant Nө, Nø 

and  the bending moments  M ø, Mө. Whereas Figure (1) hemispherical shell divided to number of 

elements, Figure (2)  Element nodal displacement components.   

4. Results and Discussion 

From curves of Mø, and Nө obtained from the analysis of fixed orthotropic hemispherical shell 

under base axisymmetric imperfection can be observed as follows: 

4.1 Bending moment (Mø). 

Higher values less than the value of the moments in the case of a shell with imperfection from the 

normal state, but increases with orthotropic  properties and occur  before the  an angle of 

imperfection.   

Table (1) shows that the values of Mø in orthotropic hemispherical shell for all cases of 

imperfection at Ø=90o, Where figure (3) shows the curves of  Mø  corresponding to the same 

imperfection at Ø=90o, where it can be  noted that the values of Mø changed from negative to 

positive with values of imperfection and increased by  increasing orthotropic ratio. When the  

value of imperfection is equal to 0.1m, values Mø changed from ( -0.01727) to (-0.37447) 
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by increasing  Eø/Eө from 0.25 to 2.5.while when the value of imperfection is equal to 0.2m, 

values of  Mø changed from (0.010) when Eø/Eө equal to (0.25) to (-0.12301) when Eø/Eө equal 

to (2.5). Also when the value of imperfection is equal to 0.3m it can be noted that the value of  Mø 

equal to (0.0247) when Eø/Eө equal to (0.25), and Mø equal  to (0.02542), when Eø/Eө equal to 

(2.5). While in the case of imperfection equal to 0.4m it can be noted that Mø changed from 

(0.03817) to (0.09804). but in case perfect shell with orthotropic the values of maximum Mø at 

Ø=90o were negative values.[7] 

Table (1) Mø kn.m  with orthotropic and imperfection at Ø=90o 

 

 

 
Figure (3) . Maximum values of Mø for orthotropic with imperfection at Ø=90o 

 

Table (2)Maximum values of Mø kn.m  before  angle of imperfection 

 

Eø/Eө imp 0.1 imp 0.2 imp 0.3 imp 0.4

0.25 -0.01727 0.01041 0.024716 0.038179

0.5 -0.05299 0.009146 0.031767 0.048149

0.75 -0.09244 0.003261 0.037837 0.058735

1 -0.1329 -0.00629 0.041571 0.068322

1.5 -0.21406 -0.03277 0.04252 0.083342

2 -0.29455 -0.06579 0.036633 0.092999

2.5 -0.37447 -0.12301 0.025423 0.098049

-0.4

-0.3

-0.2

-0.1

0

0.1

0.2

0 0.5 1 1.5 2 2.5 3

M
ø

 k
n

.m

Eø/Eө

imp 0.1m

imp 0.2m

imp 0.3m

imp 0.4m

h=0.1m ,µ=0.25

Eø/Eө imp 0.1 imp 0.2 imp 0.3 imp 0.4 

0.25 0.045379 0.038719 0.033516 0.038179 

0.5 0.07522 0.065856 0.059793 0.048149 

0.75 0.10027 0.087538 0.081031 0.067166 

1 0.12293 0.10639 0.099424 0.085443 

1.5 0.16416 0.13959 0.13118 0.11762 

2 0.202 0.16963 0.15907 0.1461 

2.5 0.23761 0.19454 0.18487 0.1723 
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From figure (4) it can be  noted that the values of Mø decreased by increasing the value of 

imperfection, but it increased  gradually  by increasing orthotropic ratio. As shown numerically in 

table (2).  

 

Figure (4) . Maximum values of Mø( merditinal moment)  before angle imperfection 

 

       Table (3) Mø kn.m with imperfection in  area of imperfectin 

imperfectin Eø/Eө0.25 Eø/Eө 0.5 Eø/Eө 0.75 Eø/Eө 1 Eø/Eө 1.5 Eø/Eө 2 Eø/Eө 2.5 

0.1 -0.03783 -0.05198 -0.06312 -0.07307 -0.092 -0.11107 -0.1309 

0.2 -0.04134 -0.0578 -0.06849 -0.07626 -0.09142 -0.10564 -0.13022 

0.3 -0.03846 -0.05607 -0.06848 -0.07908 -0.09788 -0.11262 -0.1269 

0.4 -0.03722 -0.05357 -0.06761 -0.07967 -0.09905 -0.1162 -0.13166 

 

From figure (5) table (3) it can be  noted that the values of  Mø gradually  by  increasing 

orthotropic ratio Eø/Eө, which it did not find in case hemispherical shell without imperfections. 

 

  
Figure(5) . Maximum values of Mø kn.m for orthotropic hemispherical shells with imperfection 
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4.2 .Hoop forces  

                             Table (4) Nө with orthotropic and imperfection at Ø=90o 

Nө imp 0.1 imp 0.2 imp 0.3 imp 0.4 

0.25 14.2145 12.2055 10.72 9.38365 

0.5 13.3825 11.452 10.063 8.97415 

0.75 13.0935 10.962 9.60975 8.6409 

1 13.008 10.6005 9.26645 8.37015 

1.5 12.7955 10.3205 8.7608 7.9477 

2 12.562 10.1935 8.42565 7.62525 

2.5 12.3235 10.608 8.3359 7.36655 
 

 

Table (4) shows of values Nө with orthotropic ratio for all cases of imperfection .while from figure 

(5) it shows curves of  max Nө whereas the changing were small  

   

 

Figure (5) . Maximum values of Nө for orthotropic hemispherical shells with imperfection 

 

Table (5) Nө with orthotropic and imperfection 

     Eø/Eө   
imperfection         Eø/Eө0.25 0.5 0.75 1 1.5 2 2.5 

0.1 14.2145 13.3825 13.0935 13.008 12.7955 12.562 12.3235 

0.2 12.2055 11.452 10.962 10.6005 10.3205 10.1935 10.608 

0.3 10.72 10.063 9.60975 9.26645 8.7608 8.42565 8.3359 

0.4 9.38365 8.97415 8.6409 8.37015 7.9477 7.62525 7.36655 
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From figure (7) it can be noted that the values of Nө decreased slightly  by increasing  

imperfections, and decreasing convergently by increased  orthotropic ratio  and  imperfection, 

While table (5) contains values of  Nө  for all cases of orthotropic and imperfection . 

 

 

Figure (7) curves of Nө with imperfection 

 

6.Conclusions 

In this paper. Mixed Finite Element Method is utilized in analysis of fixed Orthotropic 

hemispherical shells with an axisymmetric imperfection at the base under axisymmetric loading. 

The results obtained refer that due to imperfection at the base produce concentrations of stresses 

which only affect the zone of imperfection. There are some distinctive features which are 

summarized as :-   

From obtained results of meridional moment it can be noted that In the case of imperfection,  the 

values of Mø increased in the angle before the area of imperfection and reach the maximum 

positive value before the imperfection area in each case of defect and then decrease to reach the 

maximum negative value in the imperfection area and after that  it decreased and changed to 

positive values at Ø=90o . 

The values of hoop forces Nө decrease slightly by increasing both the imperfection and 

decreasing convergently by increasing  the orthotropic properties. 

From the results obtained it indicated that effect of imperfection appeared  on the values of Mø, 

Which should be considered when designing or rehabilitation.  but it is small on the values of  

Nө.   
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